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Abstract—The Penney-Dirac calculation of bond orders in conjugated hydrccarbons is reconsidered,
and a method of computing them, which does not involve perturbation theory, is developed. This
method is general, in that it permits the exchange and Coulomb integrals for the various bonds to
have values appropriate to their lengths, and not necessarily all equal. Detailed application to
1,3-butadiene and fulvene leads to results in close correspondence with molecular-orbital caleulations.

VALENCY-BOND studies of aromatic and other conjugated hydrocarbons were developed
by Pauling!~® quite early in the applications of wave mechanics to chemical problems.
One of the many assumptions inevitably made in those early days was that all the
bonds were equal, so that the bond Coulomb and exchange integrals (Q and J re-
spectively) did not vary from bond to bond. In recent years, however, the alternation
of bond lengths in large cyclic polyenes has been demonstrated theoretically® using
the molecular-orbital approach; also, a re-examination of the same problem from
the valency-bond point of view by Coulson and Dixon® has confirmed this result.
Such calculations require both a knowledge of the variation of Q and J with bond
length L, and also specific inclusion of the o-bond energy, in computing the total
energy of the molecule. Now complete minimization of the energy with respect
to variations of all bond lengths is clearly impracticable except for small molecules.
We have therefore re-examined the bond-order method for estimating bond lengths,
for this method can easily be applied to larger molecules. There are serious theoretical
difficulties (see later) in the simple Pauling superposition calculation of bond orders.
However, as long ago as 1937 Penney® had given a definition of fractional bond
order that avoided these difficuities by relating bond order to the degree of coupling
of the spins of the electrons in the atomic orbitals at each end of the bond. This
method has not been much used. In the present paper, therefore, we show that it
may be adapted to the case of varying Q and J without difficulty. We then illustrate the
general theory by specific application to benzene, butadiene and the non-alternant
molecule fulvene. Subsequent papers will discuss naphthalene, pentalene, azulene,
heptalene etc., and develop a correlation curve between Penney-Dirac bond orders
and bond length.
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First, however, a brief recapitulation of Penney’s argument is desirable.*

General considerations. In a two-electron system let us denote the spins of the
electrons by s, and s,, and their sum by S, so that S = s, + s,. Then since the total
spin is 0 or 1, in conventional units, and the magnitude of any vector S% is S(S + 1),
we can use the relation

St =(s1 +8p) (5 +8) =5 + 25 -8, + 8,°
to show that
S, "8, = ¥S? —s%—s%) = —} if S=0 (antiparallel spins)
= +4} if S=1 (parallel spins) ()

But we also know that in a Heitler-London type of wave function, on the assumption
that the two atomic orbitals are mutually orthogonal, the total energy E is given by

E= Estoms +Q+J, (2)

where the - sign applies for antiparallel spins, and the — sign for parallel spins.
Combining (1) and (2)
E = Ejioms - Q — (1 + 4s,°s,)J 3

With more than two electrons, all the separate scalar products s, - s, cannot be simul-
taneously quantised. But Dirac’ showed that on a similar assumption of mutual
orthogonality of all atomic orbitals, (3) becomes

E =F goms + Q;; — ZH(1 + 4s, -s))J; 4)

where the summation is over all pairs of orbitals, and the bar above s, - s; denotes
that now the quantum-mechanical mean value is to be taken. In practice we usually
neglect all Q;; and J,; other than those between nearest neighbour atoms, and then
the summation in (4) becomes a summation over ail the bonds in the molecule.

Definition of bond order. Since bond order is not an observable, it must be defined.
We follow Penney® in taking p,; = 1 (mobile, or 7—, bond order unity) if the spins
on the two atoms are antiparallel, as in the pure double bond of ethylene; and p,; = 0

(no bond) if the spins are mutually random. In the first case s, -s; = —3§, and in

the second s, -s; = 0. This latter result follows from the fact that if the two spins are
randomly oriented with respect to each other, and we think in terms of a vector
model, the angle between the vectors representings; and s, is equally likely to be above
or below 90°, and hence the mean value of the cosine of this angle must vanish. Thus
the mean value of scalar product s, * s; will vanish.

The definition of bond order just given applies strictly only when p;; = 0 or 1.
But Penney defined intermediate (fractional) bond orders by linear interpolation.
Thus

Pi = —3s;s; (5)

It should perhaps be added that for the triplet state, where according to (1),s, - s; = 1,
formula (5) leads to a w-bond order —4. At first sight one might have expected that

* A short (but not wholly accurate) account of the simpler form of this analysis is given by
B. and A. Pullman, Les Théories Electroniques de la Chimie Organique pp. 337-339 Masson, Paris
(1952).
? P. A. M. Dirac, Principles of Quantum Mechanics Chap. 12. Oxford University Press, Oxford
(1947).
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the formula should have led to p = —1 not p = —3}. But this value is actually a very
reasonable one, if we realize that the triplet state is represented on a molecular-
orbital model by a combination of a bonding orbital and the corresponding anti-
bonding one. It is known that the anti-bonding orbital is slightly more antibonding
than the bonding orbital is bonding. Thus a total bond order of —1 is not unreason-
able. It is probably true, however, that (5) is more useful when p > 0 than in those
rare situations when p << 0.

Energy and bond order. Combining (4) and (5) we are led to our fundamental energy-
bond order relationship:

E = Eyioms + 2Qi; + Z33p;; — DJ, ©

An advantage of this formula is that we do not need to suppose that each @, and
J,; are the same, so that the way is open to allow directly for differences in bond
length.

Moffitt® noticed that (6) has a close resemblance to the fundamental molecular-
orbital formula

En = zqur + 22Prsﬁrs (7)

Both (6) and (7) show linear dependence on p, and lead to similar differential relation-
ships

oE oF

— =130Gp, — 1), === 2p,, 8

a7 iGp, — 1) T (8)
From our present point of view, however, the real importance of (8) is that if, by
any means, we can find a way of writing the energy in the form

E = Eyoms - £Q,, + 21‘tir]u‘ 9
then the bond orders are given by
Pu’ G &(21” + l) (IO)

Bond orders calculated in this way will be called Penney-Dirac bond orders. A
trivial illustration of (10) is found from the two electron case, for which the energy E
is given by (2). Thus r,; = =1, leading to p,; = 1 for the singlet ground state, and
p.; = —14 for the triplet excited state.

Another simple illustration of (10) is found in the ground state of benzene. Here
all six J;; are equal (to J, say) and also all six Q;, (to Q say). If we consider merely
the two Kekulé structures then

E = Ejomg + 6Q + 24/

Comparison with (9) leads to r = 0-4, and so p = 0-6. But if we improve the wave
function by also incorporating the Dewar structures, then

E = Epoms + 60 + 2:606J,

leading to ¢ = 0434, p = 0-623. Penney had already observed that, by relating bond
order to energy, as in (6), we insured that an increase of binding energy as a result of
including more resonance structures would lead to an increase in bond orders. A

® W. E. Moffitt, Proc. Roy. Soc. A, 199, 487 (1949).
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serious theoretical drawback to the Pauling superposition definition of bond orders®
-is that increasing the resonance energy in this way leads to a decrease in bond orders.

General technique. We can now make this analysis more general. If 4,8, ...
R, ... are the resonating structures, with wave functions y,, ¥,, ... ¥,, ... then the
molecular wave function ' may be written as

¥ =cyat et oyt
The corresponding energy is (taking ¥ and each y, to be real):

(P Ta 2O
T ¥2dr Y ce,S,

where H,, = [y, # v, dr, and S,, = fy,p, dr.

The matrix elements H,, and S,, may be obtained by standard methods (e.g. the
superposition diagram method of Pauling, or the closed cycle method described by
Eyring, et al.1® but care must be taken to keep all the J,; distinct, even if, by symmetry,
two or more of them are numerically equal.

If we exclude the term Eyiqmg, Which is of no interest each H,, is of the form,

H,, = 2 Q.S + Z Qryis i (12)
i ]

(I

where the coefficients q,,;; are simple multiples of S, and the summations are over
all bonds i,

Z_ .""rcaan,rl 'l:':l'

E Es.toma + 121 Qu - z"c’c‘S” (13)

Identification of (13) and (6) shows that

1 22 CeColrs is
e "

Py I T
Pi =3 [ + > €,CsSrs
¥.8

This means that, once the molecular wave-function ¥ has been obtained, the Penney-
Dirac bond orders are almost as easy to compute as are the Pauling superposition
bond orders. They require merely the linear expansion coefficients ¢, and the geomet-
rical factors a,, and S,,. The exchange integrals J,; themselves do not appear in (14);
but they are implicit through the coefficients c,, which are found from the secular
equations. In these equations the J;; do appear explicitly. If the wave function ¥ is
already normalized, then 3 ¢,c,S,, = 1, and (14) takes the simpler form
r,e

Pii = %{l + zzcrcsan_ii} (15)

In an actual problem, the J;; are functions of the bond lengths, It is clearly
desirable that these lengths should be self-consistent in the sense that (a) the lengths
determine the J,;, (b) the J,,; determine the ¢, from the secular equations, () the c,

® L. Pauling, L. O. Brockway, J. Y. Beach, J. Amer. Chem. Soc. 57, 2705 (1935).
0 Y, Eyring, J. Walter and G. E. Kimball, Quantum Chemistry Chap. 13. Wiley, New York (1960).
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determine the p,; from (14), and (d) the p;; are consistent with the orginal assumed
values of the bond lengths. This process evidently lends itself to an iterative pro-
cedure, as in the molecular-orbital method. However, if we do not wish to carry
through this iteration to the end, we may often be content with a first level of approx-
imation. Here we start with all J;; equal, as has usually been assumed in the past,
and calculate the p,, with the c,-values that follow from this assumption. The bond
orders so calculated are the valency-bond analogues of the molecular-orbital bond
orders obtained with simple Huckel molecular orbitals.

As an alternative to iterating till self-consistence is obtained we may choose
the following different procedure for getting the c,. In (13) the energy E appears
to depend on both the ¢, and the J;;. In fact the ¢, follow from the secular equations,
so that £ really depends only on the J;;. We are therefore to choose the bond lengths
so that, when the corresponding J;; are used in (13) the energy is minimum. This is
essentially the process used by Coulson and Dixon.> When adopting it, it is necessary
to include the o-electron energy E, as well as the w-electron energy given by (13).

. 12 3 4 1 2 3 4

Butadiene == = _—

a b

In butadiene there are two resonance structures @ and . The matrix components

are

Hy = Qi+ OQp+ Qs + 1o — ¥ + Ja, Sua=1
Hab:%{le‘*’ Oy + Qu+J12+123+134}, S =1 (16)
Hy = Qg+ O+ Qs — 31 + Jos — 33, Spp =1
The secular equations are
Ca{Hoy — ESge} + ¢,{Hap — ESp} =0 a7
C.{H, — ESy} + ¢{Hy — ESy} = 0

In the first level of approximation, where all J;; are equal to J, this gives (e.g. Pullmann
and Pullman, p. 142)

E=130+V3J
2 —
G=vV2[3=0817; ¢, = / 3‘/3 = 0299 (18)

To obtain individual bond orders we must from now on distinguish between the
bonds.

Eexchange = 2 ¢C,Hyy — Z Qs (19)
= (6 + €0 — 312 + J30) + (a6, — 3657 + e, (20)
by substitution of (16) in (19). Hence from (6), (10), (18) and (20)
P12 = Psa = ${26.2 + 2¢,6, — o2 + 1} @n
= 0911
Py = 3200, — ¢+ 26,2 + 1} (22)

= 0-333
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These are not very different from the molecular orbital values 0-894 and 0-447
respectively.
In the second level of approximation we admit general inequality of the J;;. (19),
-(20), (21) and (22) are unaltered in form but in order to get the ¢, we shall, in this case
of butadiene, use the known bond lengths to evaluate the J,; and Q;; and hence from
(17) ¢, and ¢,. The experimental lengths as determined by electron diffraction by
- Almenningen, Bastiansen and Traetteberg!! are Ly, = Ly, = 1:337A, Ly, = 1-483A.
The formulae of Coulson and Dixon® now give J,, = Jyy = —52:046, J,, = —34-014,
(@ + E)ip = (@ + Ej)p = —99-041,(Q + E,);3 = —106+080 all in kg.cal/mole and
the secular determinant becomes

—391-245 — E  }(—442-269 — E)
$(—442:269 — E) 286130 — E|=0.
',For the ground state this gives
E = —396-094 kg.cal./mole, ¢, = 0-893, ¢, = (-188.
Substituting in (19)
P12 = Pag = 0°965,  pyq = 0-203. (23)

Comparison of (21), (22) and (23) shows that allowing for variations in bond length
increases high bond orders, and decreases low ones. Exactly the same situation
occurs in the molecular-orbital method.

Fulvene CgH;. Fulvene has six m-electrons, and so, as in benzene, there will be
five independent covalent structures. Those derived from the Rumer diagram!? in
‘which the atomic orbitals are arranged in the cyclic order «,1,2,3,4,5 are A,B,F,D,G.
These, however, are not chemically very satisfying, and, if used in the simple Pauling

> > -y o

superposition model they lead to mobile bond order zero in the bond 1-5. (This,
incidentally, shows how dangerous this superposition is with non-alternant molecules).

\2 AN

c E
We therefore chose A,B,C,D,E. This group has the advantage of being symmetrical,
and every bond except 1-a appears double in at least two structures. In addition
only singly-excited structures appear. They are not, however, canonical in the sense

i A. Almenningen, O. Bastiansen and M. Traetteberg, Acta Chem. Scand. 12, 1221 (1958).
'* G. Rumer, Gdttingen Natchr. p. 337 (1932).
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of being derivable from a single Rumer diagram without including crossed bonds.
As a result greater care is needed to be sure that the correct powers of —1 are used in
the matrix components. To avoid these difficulties we found it safer, though much
slower, to calculate these by the method described by Eyring er al.1? instead of by the
Pauling superposition method.

In the first level of approximation, with all J,, = J, we obtained the value for the
energy already found by others (see below) viz. E = 6Q + 2J. This leads to a nor-
malised wave-function in which

cy =0632, cg = —cc=cy= —cg=0211
Straightforward analysis similar to that already described now leads to
Pa1 = P = Pas = 09115
P12 = Pas = P51 = 0-200.

Evidently the single structure A dominates this molecule. The bond orders (21) may
be compared with those calculated by the simple molecular orbital method by Coulson
et al1?

249

Par = 076, pog = pys — 078 (25)
Piz = Psy = 045, py = 0-52
and with a molecular-orbital calculation by Nakajima and Katagiri'* who take our
structure A but with L, = Ly =Ly, = 1'34A, L;; = Ly, = L;; = 1'48A and
introduce a bond alternation parameter to correlate the resonance integrals in the
formal single and double bonds. They then obtain bond orders

P = 0-925, Pz = Pas = 0-926
P2 = p1s = 0:266, py, = 0.284

(26)

The general pattern of our results (24) is quite similar to (25) and closely similar to (26).
Coulson et al. also applied the Penney-Dirac technique to find the bond orders in
fulvene and, selecting the structures A,D,E,H,J obtained (of course) the same energy
E = 60Q — 2/, but the bond orders
Por = 0945 poy = pys = 0-50 @)
P12 = P = 0:60;  pyy = 0-20
Unfortunately an error has recently been detected in this latter calculation and these
authors now recognise the validity of the present work.

To get a higher approximation for fulvene we shall use the Coulson-Dixon
minimum energy method. The true bond lengths are not known experimentally,
so we take the length of =—1 to be L,, those of 2—3 and 4—5 to be L,, and those of
1—2, 3—4, 5—1 (the three formally single bonds in the dominant structure A) to
be L,. It is of course, not necessary to suppose that 1—2 and 3—4 are identical but
(21) shows that it is not likely to be far wrong, and the assumption considerably
reduces the amount of computation.

13 C, A. Coulson, D. P. Craig and A. Maccoll, Proc. Phys. Soc. 61, 22 (1948).
" T. Nakajima and S. Katagiri, Bull. Chem. Soc., Japan 35, 910 (1962).



2160 D. CrLarksoN, C, A. CouLsoN and T. H. GooDwiIN

We have to determine the values of L, L,, L for which the total energy E, including
both o- and m-electron contributions, is least. A mesh of 5 X 5 X 5 = 125 values
of the three lengths was chosen, and a programme was written to find the eigenvalues
of the matrix |H,, — ES,,/ on the Glasgow University DEUCE computer. It is
possible that a method of steepest descents might have reduced the time needed. The
final result was that the minimum energy was associated with

Ly =135 L,=149, L,=135 allinA (28)

and E,; ,q = —732:282 kg.cal./mole
These optimum bond lengths lead to a normalized wave function in which

Thus the classical structure is approximately 25 times as significant as any other
structure, and quite accurately represents the ground state.
By the method described earlier it is found that

Pat = P = Pas = 0954, pyg = pyy = ps = 0-148 (30)

Comparison of (30) and (24) shows once more that allowing for variations in the
exchange integrals increases big p,; and decreases small p,;.

If we accept the value of E,,,q in (28) we obtain a resonance energy of 11-8
kg.cal./mole. This is much less than with benzene, in accordance with our conclusion
in (30) that structure A is dominant.

In addition to the work of Coulson ef al. referred to earlier, Sklar'® had determined
the energy levels in fulvene also using the structures A,D,E,H,J which are a canonical
set if based on a Rumer diagram with the atomic orbitals in the cyclic order 1,2,3,2,4,5.

H J

He, too, gave the energy of the ground state as 6Q + 2J (all J,;; = J) but did not
calculate the bond orders.

We have applied the superposition technique to this set of structures (in which no
confusion can arise over powers of —1 in the matrix elements) for the lengths L,,
Ly, Ly in (24) thereby confirming E ., = —732:282 kg.cal./mole, deriving the
normalized coefficients

¢y, =07453; ¢ = cg = —01522; oy = c; = 0-3044 (€2))
and confirming exactly the bond orders in (30).
Discussion

The following conclusions seem to follow from this work.
(1) The calculation of Penney-Dirac bond orders is scarcely any more complicated

18 A. L. Sklar, J. Chem. Phys. §, 669 (1937).
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than the usual superposition method; and for non-alternant molecules it is much
more significant chemically.

(2) A good first approximation can be obtained on the assumption that all
exchange (and Coulomb) integrals are equal. This tends, however, to underestimate
high bond orders, and overestimate small ones.

(3) Allowance can easily be made for variations in exchange and Coulomb
integrals, and the use of formulae such as those of Coulson and Dixon are well suited
to this purpose.

(4) Inthe case of butadiene and fulvene, chemically reasonable results are obtained.
For each molecule the amount of conjugation in the ground state is quite small.

(5) The analysis which we have used considers only covalent resonance structures.
It is therefore suitable only for hydrocarbon molecules; even then there will be diffi-
culty with non-alternants. The inclusion of polar (i.e. ionic) structures is beset with
many difficulties, and does not seem worthwhile in work of this kind.



